
Goal Today

Main Theorem. (Local Structure Theorem for algebraic stacks)

H =dg. stack w/ affine diagonal, finite type/k =5.
Fact 7(k) with linearly reductive stabilizer Gx.

=>Faffine etale morphism f:([SpecA/an], w) ->(x,x)
which induces an isomorphism of stabilizer

groups atw.

far. (Local structure for good modulispaces)

H =dg. stack w/ affine diagonal, finite type/k =5.
x:7t +X good modulispace.

=>Yx ((k) sit. Go linearly reductive:

=

[SpecA/an] -> i
↓ E ↓ St. [SpecA/Gn] tale abhd of 22.

Spec A** ->X

PE. Immediate from Luna's Fundamental Lemma.
1

[SpecA/an] = [SpAy] -- AtE

↓ ② I
Sit Aa ESpec A.- X



Luna's Etale Slice Theorem (case when I = [specB/G] h
orem. G linearly reductive group/ 1 =5.
G AX aftue scheme finite type/I =T
=>Fx H(k) thathas linearly reductive stabilizer G.:

=WIX G.- invariant, office, locally closed subscheme of X

S.t. [W/c.] - [YG] office etale.

*ITx,x (Lune map)
--

Txn -> Ne =Tx,/Te,
=>W: =f-1(N=).

Structure of the talk

S 1. Deformation theory for algebraic stacks

52. Proof of LST when set is smooth

In addition to results of $1, will need

· coherentcompleteness for
quotientstacksI · CoherentTannaka Duality S

· Artic Approximation

$3. Equivariant Artin Algebraization & proof of LST in general case



S1. Deformation theory of algebraic stacks

1.W...EmEverythisis matherior alsstackmy
affine dialin

W' +y

If W is cohomologically affire, a liftW'-At exists.

P W affire -> true by ILC.

Letv'-W' smooth presentation w/ U' affire scheme.

v:=vxW!(Y)": =ux... xwU =W.

lY: =U'xa,..xm. W
Call affice since W.WI have affire diagonals)(a)

If
(Y)=w+2

By descent, iffrop, = frope, then life.

Spec(*/2), it it, I noetherian also stacks
Sma ......

-

Lane ~/ affine diagonals.
SpecA -Y

(12 =0)

=>gliftings Spec A- it] is a torsor under

↑ (Spec(A/z), fay* I). -(#)



Spec(*/e).e fatery*=Homspelitz) (foreye, I).
a

SpecA -Y (*) =Homspe(A2) (forease, I)
(12 =0)

-Homon (rese, for 2)
-Dergy (Or, for 2)

·
I

lifting ↑· Difference of two Ox -Ospec Agives an eleva

·Clifting Ox -> Ospe A) +(derivation) -another lifting
LetF =f* (EY) & S Ow-module.

=>

frop.-frope can be viewed as ele ofP((Yul? I).
=
exact

seq 0 + F -91xEY] +gergEI-9pE*I -....

lef. exact seq & +M +M*AB -MOABOAB- MEABSABB- ...)

W cohomologically affire

=>TIU, aFF) * P((Y), a2* F)4((Y), 9*E)
I itpits

-PES 1-> pis-Ps' +pIs'

d. (frop. - f0-2) =0 =>EstT(U,qFE) sie.
dols) =frop,-fr'ope.After modifying for by s,

we have flop. - flops.



Ips-2.D..... W. U alg. stacks of finite type/field k

↓
z i

w/ affine diagonals.W =W'
3 =Ker (Ow -Ow), =0.

G affine also group/I. P- W principal G-bundle.
=>If W cohomologically affine, then diagram extends to

principal G-bundle p'- W'.

E. Letv'- W' smooth presentation w/ U' affire scheme.

v:=vxW!(Y)": =ux... xwU =W.

lY: =U'xa,..xm. W

-1 U- W fogc morphism.

5 principal G-bundles P - W}
*3 principal G-burbles QueW with a: p,*a ->pa*a

on (Yw? sit. Pesto pc =pic on (Y/w)}

2

PE2 0 pEc =pis< pia+*a &... - P

↓X ↓ I
CY) i (YI- W



-2 Es affine also group/field k
w/ Lie algebra eg.

P -PX, X' finite type k-schemes.
↓ I ↓
x =X3=ker (0x +0x), 3 =0.

p -X principal G-bundle.

p' -Xdeformation of P- X.

Sautomorphisms of D'- X' as deformation of P - x3

Ho(X,943).
-

&Given a principal G-bundle P -X,

=functor representations ofG3 + [loc, free modules over XI
I 1-

66

og
(w/ adjointrepl

(By 2-Yoneda Lemma, P -Xgives a map X FBG,

Representation V of G =G -

equivariantfree module over Speck
= loc, free module over BG.

Define the functor
as Vie fU. (

& - Q

-1 ↓
0+U induced P +W

↓ W -> ~'
=>

equipped w/ an iso C:p&E pad.
X ↓
w ->W'

S.t. P2s*C0 pe*8-pisc.

U affure =>Edeformation &'+ v of Q-V

E
& c:pFG- ReGlifting c

If past depicts =pix, this descends to P'+W' and we win.



Tool 2 applied on (You)-("Yo
=>

any other adiffers by elt of T ((Yu)",92*I)
where F =g&J On-module.

(P.*c')
-

p2, d'op,Ex is an iso that
restricts to an

identity on (Y).
=>itcan be viewed as an element & aP((Yul", is**).
=
exact

seq 0 + F -91xEY] +gergEI-9pE*I -....

W ah, office => P((Y)?a3)-4 ((Y),2**)+4((Yw)", a**)
Is i I +0

Modify a' by => PEC'opEa=pisa'



Amma. A:It - representable morphism of alg. stacks/k =π
with affine diagonals.

Assume ( /H
=9x3, 12) =Sy3 consist of single points

f induces an iso Ho:= BG +20: =BGy
LetmCOs, my COy ideal sheaves defining to. You
and fi:It, - I, induced morphism between the firstmilpotent

thickenings of Ho and 20.

(1) If f, closed immersion, then so is fo
n

(2) If 2 and iso oMy/mytESomit
of graded Ozo-modules, then f is iso.

E =>
smooth presentation V

=Spec B -Y s.t. VXy 40 = Speck.
C:Theorem 3.6.1)

&

~4
Ured -ViesESpeci

/Spec B) =4p+3 =B Artin local K-algebra.
-> V

I ↓
E ↓ U noetherian also space s.t. Uredscheme

-

So-24 =>U is a scheme. (Prop 4.4.19)
10) =4pt] =>U =Spec AwI A

Artin local K-algebra.
So we can assume of is Spec A - Spec B where

A, B Aran local K-algebras.

c)If Blm- Almpis say, then so is B-A.

(2) =>If -
say a MB/mt* oMAYmat

then B- Ais 750.

B



2. Proof of the Local Structure Theorem (smooth casel

# (of LST, assuming it it smooth)

xEIt loc. closed Ex EIt assume itis closed.

Ho: =BEn4 It =>defining ideal I.

In: =nth milpotent thickening of it. (defined by [v+)
T =[Txm/c.]. ("Tan?: =Spec(Sumn Tx,)(

En
To: =BG,4 7.

I = nth milpatentthickening of To.

[Seep 1] Construct isos Fr+ Tr.

Gi linearly reductive ->Ho =BGM coh. affine.

By Prop 2, can inductively extend the principal G-bundle

Spock -> BGn =Ho to principal Gn-bundles SpecAn+ Etn.

=>Fa = [Spea AYc], affire morphisms En-> BGn
-

We have a closed immersion to -T.

Define Itrx5 iductively by using Prop 1 an team....=>induces
maps from Etn+ Tr.

It,-T, iso by they admire retractions to BG,
and here trivial deformations.

Inductively Lamma (2) =>A+Io iso.



[Step 2] Constructa map [Spec B/G..] -it
Some background on coherentcompleteness:(Section 6.4)

Def. Anoetherian algebraic stack It is coherently complete

along a closed substack to if the natural functor

Coh(k) ->InCoh(t) (F +(E))
is an equivalence of categories, where it is the nth milpotent

thickening of Ho and F is the pullback of F to Hu.

Horem. (Coherentcompleteness for quotientstacks)
k =R, R a complete noetherian local k-algebra w/R/m =1.

G linearly reductive group/ k.

G A Spec Afinite type over R, AG = R.

=
G - fixed - point as Spec A.
=>[SpecA/G] is coherently complete along the closed

substack BG defined by 2.

Arem. (Coherent Tannaka Duality)

It, 2 noetherian algebraic stacks with affire diagonals.
It coherently complete along a closed substacle to.

An arrantas ofene

MOR(A, 2) ->ImMOR(An, 2) If it (full

where for flan



mine.......
it

I'
-
-

treees T ->T =[T/an]
[spean?" I I 1 x

Speca,x(d) -> a =TnXGn
-

Spee Gu
BB is finite type over Ban, Ban is notharian complete local kualgebra
=>I = [SreeP/an] is coherently complete along to - Ben.

ByCMORY,itsheMon() is ene

[Step 3] Final modifications of the map

Ieorem. (Arth Approximation)

S a scheme, SES sit. Osis is a G-ring.

F:Sch/s + Sets a limitpreserving contravalantfunctor

and 5 =F (Spec s,s).
=>*n10: =itale morphism (S,s') - (S,s) and 'EF(S'

S.t. 4(s) =x(s) and the restrictions of 5 and is
'

to Spec (Osis/m,+1) =Spec (Os's/m,,+1) are same.



F:Sch/a+Set((a+a faxa?**/_)
is limit preserving).It is finite type over K. Exercise 3.3.31.)

By Aran approximation, Etale morphism (V,u) ->(a, x(01)
S.t. U affine scheme & utU k-point

of (UxaT, (n,a)) + (H,x)

sit. I - I =F(U) and

[(5,0) - (i,x)] =F(Spec ,aa)
resected to E (Spec Ouir/2) = F(Spec O,aa/mi)
C

are same.

· UxaT induces isos of tangent spaces

3 othand stabilizer graps at(2, a
=>UXaT ezale

· UxaT smooth at(4,0)
· It smooth at as

at(2, d.
Can ienenfy

UxxT-U as [SpecA/an] -Spec A*n.
(A:f.g. k-algebral

So we have a

map ([SmeA/an], 2) ->(2, a)
which induces iso on stabilizers & etcle on w.

Can
arrange it to be stale & affine.

↳ (Prop 6.5,13)



53. Equivariant Artin Algebraization and proof of LST in general case

#

..I an algebraic stack of unique closed paint to

Amorphism y:F -G) of prestacks/Sah is formally versal at t

if
every commutative diagram 2 -I

af ↓2
2-H

s.t. 2-Iclosed immersion of neetherion algebraic stacks
with affire diagonal &121=12' consists of a single point
and the image of 2 - I is t

has a lift.

Frem. (Equivariant Artin Algebraization)

k =R, R a complete noetherian local k-algebra w/R/m =1.

G linearly reductive group/k.

I =[SpecB/G) an algebraic stack of finite type over R =B8.

-> 7 unique closed pointhas stabilizer equal to G.

It a limitpreserving prestack/Sch. (Tas [0yxL]).
2:T -I) a morphism ofprestacks formally versal atto

=>There exists

is an algebraic stack W =[SpecA/G) offinite type over I

and a closed pointweW;

12) morphisms f:W -H and y:F =W(+1=w)

(A)n
sit. the induced morphisms un: +Wibetween the

nth milpotent thickenings are isos, and there exists

compatible 2- isomorphisms in 2004.



Moreover, if It is quite type over k and has affire diagonal,
then it can be arranged thatCA) is commutative and

y induces an isomorphism I -W: =Wx
aSpeca,x(w)

where xiW -& =Spec A*.

P. (of LST, general casel


